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A theorem of Marcinkiewicz and Zygmund asserts that a linear operator 
satisfying a strong type (L’, Ly) inequality with norm M automatically extends to a 
vector-valued operator satisfying a strong type (Lr(P), L”(P)) inequality with norm 
not exceeding C:yiM. In this paper, this theorem is proved in a more general 
context by replacing the L* metric with a more general class of metrics. In doing 
so, the theorem of Marcinkiewicz and Zygmund is not only extended to more 
general contexts, but improvements of that theorem are also realized. In particular, 
our results show that operators satisfying weak type inequalities automatically 
extend to their vector-valued analogues; also the constant CL:: may be taken as one 
in the theorem of Marcinkiewicz and Zygmund whenever 9 > r, and this includes 
most cases of interest. 
Let (X, ,B) and (Y, V) be u-finite measure spaces and let .A and .k. denote, 
respectively, the spaces of p and v measurable real-valued functions. Suppose 
T is a linear operator defined on a linear subspace S of .,H with values in ..N’ 
such that 
for all f~ S and some fixed r > 0, q > 0. A theorem of Marcinkiewicz and 
Zygmund [5] asserts that (1) automatically extends to a vector-valued 
analogue; namely, if y = 2, r > 0; q > 0 or if 0 < r < y < 2, 0 < q < y, then 
there is a constant C:yi such that 
for every sequence (fjo c S. 
The smallest value of the constant CL:: is of considerable interest in 
applications. Clearly CIyi > 1. On the other hand, Marcinkiewicz and 
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Zygmund showed that we may take Cl:: = 1 which represented an 
improvement of an earlier result of Paley [6]. For most operators of interest 
one has q > r, but for q > r > 1 the value of Cl’; given by Marcinkiewicz 
and Zygmund is strictly greater than one, in fact their Cafe tends to infinity 
as r tends to infinity. 
The purpose of this paper is twofold. First, by casting the inequality (1) in 
a somewhat more general context, we shall show that certain inequalities 
more general than (1) automatically extend to their natural vector-valued 
analogues. In particular, it will follow that an operator T of weak type (r, q) 
automatically extends to a weak type (r, q) vector-valued operator. Second, 
by refining the idea used by Marcinkiewicz and Zygmund, our method 
provides a shorter proof of their results, deletes the requirement that q < y 
when y < 2, and at the same time yields improved estimates for the constant 
Cl.“: in (2). In particular, it will follow that we may take Cci, = 1 whenever 
9 > r. 
In what follows we shall assume that p is a function norm defined on ./t 
with the property that there is a set of non-negative functions @ c. 4. such 
that 
Pm = ;y I, Ivb>l &T(Y) WY). (3) 
For example, we may take p to be the L4(v) norm, 1 ,< q Q 00, in which case 
5’ is the set of non-negative functions with Lq’(v) norm equal to one, 
l/q + l/q’ = 1; more generally, we may take p to be any L-metric in the 
sense of Luxemburg [4] (or perhaps more conveniently in [ 1, Sect. 1 I). In 
particular, (3) holds for the Lorentz and Orlicz function norms. 
Let H(“)(l) [3] be defined by 
cc 
I, e’“’ dH’“‘(t) = exp ( 




vGY’(r) = (Jym ( t lr dH’*‘(l)) I’: r > 0. (5) 
It is known that (4) defines a probability measure for 0 < y < 2, so that 
Hdlder’s inequality shows that m”“(r) is an increasing function of r; 
moreover m’“‘(r) is finite if y = 2 and r > 0 or if 0 < r < y < 2. Except for 
the cases y = 1,2 where we have 
dH”‘(f) = (X(1 + t’))-’ df dlP2’(t) = (27~~“~ e-‘2’2 dt, 
m(‘)(r)= (sin(!+-!) x)-I”, m(‘)(r)=( r( !I$)/*‘-? “r21/2, (6) 
H(“)(l) seems not to be known explicitly in closed form. 
We will prove the following theorem. 
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THEOREM. Let p satisfy (3). Suppose r > 0, s > 0 and that T satisfies 
@(I VI”))“” ,< M (I, If(x dp(x)) “r (7) 
for all fE S. If y = 2 or if 0 < r < y < 2, then for every sequence {fk} c S 
To prove the theorem, as in [5, (5) and (S)] let hp’(t), 0 < t < 1, be a 
sequence of functions each having the distribution function H(“’ and 
satisfying 
(9) 
for every finite sequence of real numbers {ak} whenever y = 2, p > 0 or 
0 <p < y < 2. If {fJ} is a finite sequence in S and g E a:, then setting 
q = min(r, s) and taking p = q in (9) shows that 
Applying Minkowski’s inequality and using the linearity of T, then applying 
(3) and (7) shows that (10) is bounded above by 
(I 
q/s 
p TX h?)(t)& ’ dt 
s/q 
k I)) 1 
hlY’(t)fk(x)I r dp(x)) “‘dt) “‘. (11) 
Using Holder’s inequality if q ( r shows that the right side of (11) does not 
exceed 
hp’(t)f,(x)i r dp(x) dt) “” 
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which, by an interchange in order of integration followed by (9) with p = r, 
is seen to be equal to 
Mym( (,(c Fk(X),‘) r/v dp(x)) r’: 
X k 
Thus. we have shown 
cl21 
Since (12) holds for all g E g, (3) shows that (8) holds for the case of finite 
sequences (fk}, and from this the genera1 case follows immediately. The 
theorem is proved. 
The case y = 2 could also be proved using the elegant geometric argument 
presented in [7, Vol. II, p. 2241 rather than the functions hi*‘(t). That 
approach leads to the same value of the multiplying constant on the right 
side of (8). 
With s = q and p the L’(v) norm, the theorem yields the Marcinkiewicz 
and Zygmund theorem with improved constants Cl’), ; moreover their 
requirement that q < y when y < 2 is not required. 
Recall [2] that the Lpqq(u) spaces are defined in terms of ]]f]],“,,,, where 
l~fll,*.., = (91; [f*(t) tl’p]q f) “q if O<p<m, O<q<oO, 
= ;;g pf *(t) if O<p<m, q=co, 
and f * is the equi-measurable, non-increasing rearrangement of fE J’” onto 
(0, a~) with Lebesgue measure. If q <p, then p(f) = ]]f]],*,,9 satisfies (3) 
because of [2, (1.9)] and Holder’s inequality. Taking s = min(r, q) and 
df) = IIsll~s,q,s in the theorem yields the following corollary. Since the case 
p = q is the usual Lebesgue norm, the corollary also includes the improved 
Marcinkiewicz and Zygmund result. 
COROLLARY 1. Let r>O. Suppose O<q<p<co or p=q=oo and 
that T satisfies 
II Tfllp*.q G M (i, If(x>l’444) l/r 
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for all f E S. If y = 2 or 0 < r < y < 2, then for every sequence { fk ) c S 
When q > P, II iI& d oes not satisfy (3). However, if p > 1 there is a 
function norm ]I J]P,4 which satisfies (3) and 
see (2, (2.2)]. Using this fact we can prove the following corollary which 
includes the case q = co, the “weak type” inequalities. 
COROLLARY 2. Suppose r > 0, 0 < p < q < co and that T satisfies 
II Tf II& < ~4 (j- If(x 444) 'jr (14) 
for all f E S. If y = 2 or if 0 < r < y < 2, [here is a constant Bh3 such that 
for every sequence ( fk} c S 




Using (6) and (16), it is not hard to show that 
r+l “2 
< C,(l - i9-‘;eP +1 
i, 1 
if r>p (0 <8< 1); 
in particular, Bif; remains bounded as r tends to infinity. 
To prove Corollary 2, let 0 < s < min(r,p) and take p(f) = Ijf IJD,,.4,s. The 






llyIx,9(p~) l’s~(j)-(x)l’~~(x)) I”. 
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Applying the theorem to this inequality and using the first inequality of (13) 
on the result leads immediately to (15), including the estimate (16) for BLyL 
since s is subject only to 0 < s < min(r,p). 
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